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Uncertain nonlinearitiesAbstract A fuzzy robust nonlinear controller for hydraulic rotary actuators in ﬂight motion sim-
ulators is proposed. Compared with other three-order models of hydraulic rotary actuators, the
proposed controller based on ﬁrst-order nonlinear model is more easily applied in practice, whose
control law is relatively simple. It not only does not need high-order derivative of desired command,
but also does not require the feedback signals of velocity, acceleration and jerk of hydraulic rotary
actuators. Another advantage is that it does not rely on any information of friction, inertia force
and external disturbing force/torque, which are always difﬁcult to resolve in ﬂight motion simula-
tors. Due to the special composite vane seals of rectangular cross-section and goalpost shape used in
hydraulic rotary actuators, the leakage model is more complicated than that of traditional linear
hydraulic cylinders. Adaptive multi-input single-output (MISO) fuzzy compensators are introduced
to estimate nonlinear uncertain functions about leakage and bulk modulus. Meanwhile, the decom-
position of the uncertainties is used to reduce the total number of fuzzy rules. Different from other
adaptive fuzzy compensators, a discontinuous projection mapping is employed to guarantee the
estimation process to be bounded. Furthermore, with a sufﬁcient number of fuzzy rules, the control-
ler theoretically can guarantee asymptotic tracking performance in the presence of the above uncer-
tainties, which is very important for high-accuracy tracking control of ﬂight motion simulators.
Comparative experimental results demonstrate the effectiveness of the proposed algorithm, which
can guarantee transient performance and better ﬁnal accurate tracking in the presence of uncertain
nonlinearities and parametric uncertainties.
ª 2015 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.1. Introduction
Hydraulic ﬂight motion simulator (HFMS) has been widely
used in hardware-in-the-loop simulation of various aircraft
to verify performance indices of sensors, inertial navigation
systems and ﬂight control systems. It possesses many advanta-
ges including greater power-to-weight ratio, faster response
time, larger force/torques output, higher stiffness and less elec-
tromagnetic interference compared with the corresponding
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servo system, hydraulic rotary actuators in HFMS are highly
nonlinear, including the nonlinear pressure-ﬂow characteristics
of servo valve, nonlinear friction, nonlinear dynamics of pres-
sure, etc.4,5 Aside from the above nonlinear nature of hydrau-
lic dynamics, HFMS also has a large extent of uncertainties.
The uncertainties can be classiﬁed into two categories: para-
metric uncertainties and uncertain nonlinearities.6 Parametric
uncertainties include the large change of payload and the vari-
ations in the hydraulic parameters (e.g. bulk modulus and
leakage coefﬁcient) due to the change of temperature and com-
ponent wear. The other category is called uncertain nonlinear-
ities which cannot be modeled exactly, such as nonlinear
friction, unstructured leakage and external disturbances.
How to deal with these uncertainties, improve the transient
performance and guarantee steady-state accuracy, is a key
issue in HFMS.
Lots of hydraulic controllers were designed by linear meth-
ods.7–9 However, with increasing high tracking performance
requirements in modern industrials, it is hard for linear control-
lers to achieve higher performance if a working point or the sys-
tem properties change drastically in hydraulic systems.
Vossoughi and Donath10 developed feedback linearization
techniques in electro-hydraulic control systems. Alleyne and
Hedrick11 applied the nonlinear adaptive control to solve para-
metric uncertainties of hydraulic cylinder. Yue et al.12 devel-
oped robust adaptive control with state observers in
hydraulic simulator. The direct adaptive robust control tech-
nique proposed by Yao et al.13 was applied to precision motion
control of single-rod actuators. To achieve better online param-
eter estimation properties to assist in secondary purposes such
as fault detection and health monitoring, an indirect adaptive
robust control design has recently been proposed.14–16
But most aforementioned adaptive controllers based on
feedback linearization techniques largely focus on the struc-
tured uncertainties, or are restricted to unknown linear param-
eters. If there exists the unstructured nonlinear uncertainties,
tracking precision will be affected due to incomplete compen-
sation unless using switching functions or high feedback error
gain. Therefore, unstructured uncertainties in hydraulic sys-
tems are the main obstacles to develop high-accuracy tracking
control in HFMS. Fuzzy logic systems, radial basis function
neural networks or feed-forward neural networks have been
proved to be particularly powerful tools for solving uncertain
nonlinear problems due to their universal approximation capa-
bility.17–21
Lots of fuzzy controller are PID-like controllers based on a
nonlinear function of the errors, change of errors or accelera-
tion errors, which rely on the trial and error method or a priori
expert knowledge of the characteristic of the hydraulic actua-
tors and lack enough adaptability.22,23 The neuro-fuzzy con-
troller tuned by the gradient-descent method was employed
to get the actuator inverse-model, which did not contain stabil-
ity analysis.24 A sliding mode control scheme based on fuzzy
cerebellar model articulation controller was proposed for the
control of electro-hydraulic position system, whose adaptive
law was derived based on Lyapunov method. However, the
acceleration signal and third order derivative of desired signal
must be known in its sliding mode control.25 The adaptive
fuzzy controller was introduced to approach the equivalent
control of sliding mode control based on a linearized model
of electro-hydraulic system and was veriﬁed by simulation.However, it must require the signals of acceleration and the
derivative of acceleration as input variables to the fuzzy con-
troller, which are always noisy and are not recommended in
practice.26,27 Most of the above adaptive fuzzy controller
adopted the error equations of velocity, acceleration and jerk,
which were required in the design procedure of the back-step-
ping control or sliding mode variable structure control. In this
paper, a simple robust nonlinear controller based on adaptive
multi-input single-output (MISO) fuzzy compensators are syn-
thesized to deal with uncertain nonlinearities and parametric
uncertainties in hydraulic rotary actuator of HFMS, which
does not need acceleration, jerk and high-order derivative of
desired signal.
A method to reduce the number of total fuzzy rules through
the decomposition of uncertainty function is also proposed.
Uncertainty functions are decomposed into two parts, uncer-
tainty related with leakage and uncertainty related with ﬂuid
elastic. Due to the special composite vane seals of rectangular
cross-section and goalpost shape used in hydraulic rotary actu-
ators of HFMS, the leakage model is more complicated than
that of traditional linear hydraulic cylinders. So different from
traditional leakage model proportional to the load-pressure
PL, the leakage model in this paper is considered as the nonlin-
ear function related to PL and the output angle x1 of motor.
The ﬂow of ﬂuid elastic compression is also taken as the non-
linear function related to load-pressure’s derivative _PL and x1.
So two MISO fuzzy logic compensators (FLCs) are adopted to
estimate the above nonlinear functions respectively. Different
from other adaptive fuzzy compensators,24–30 in order to guar-
antee that the estimation process is bounded and the system is
stable, a discontinuous projection mapping is employed in
adaptive fuzzy compensators. So the proposed controller
accounts for not only the structured uncertainties (i.e. para-
metric uncertainties), but also the unstructured uncertainties
(i.e. unstructured items of leakage and ﬂuid elastic compres-
sion). Furthermore, the controller can theoretically achieve a
guaranteed transient performance and ﬁnal tracking accuracy
in the presence of the above uncertainties, which is very impor-
tant for high-accuracy tracking control of HFMS. Finally,
comparative experimental results are presented for the motion
control of a hydraulic rotary actuator to verify the effective-
ness of the proposed controller.2. System description and problem formulation
The ﬂight motion simulator in Fig. 1 is conﬁgured with an
orthogonal outer axis frame (yaw), a middle axis frame (pitch)
which is horizontal to the outer axis, and an inner axis frame
(roll) supported by the middle axis frame and a base. The inner
axis has limited angular freedom and is driven by a hydraulic
rotary actuator that is ﬁxed onto the middle frame to rotate
about the roll axis. A hard-anodized aluminum tabletop on
the roll axis serves as the payload mounting surface. The outer
axis frame with limited angular motion rotates around a verti-
cal yaw axis and is driven by a hydraulic rotary actuator
located inside the base. The middle axis frame with limited
angular motion moves around a horizontal pitch axis and is
driven by another hydraulic rotary actuator, which is ﬁxed
onto the outer frame. The hydraulic rotary actuator in HFMS
is also described by Fig. 1, which consists of servo-valve, con-
troller, hydraulic motor, load and angle encoder.
Fig. 1 Architecture and oil line principle of hydraulic rotary actuator in HFMS.
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in HFMS is given in Ref. 5
QL ¼ QMotion þQLeakage þQElastic ð1Þ
where QL is the ﬂow of servo-valve, which can be seen as con-
trolled ﬂow; QMotion is the motion ﬂow of hydraulic motor ,
which can be calculated by Eq. (2); QLeakage is the leakage ﬂow
of hydraulic motor; QElastic is the ﬂuid elasticity compression
ﬂow.
QMotion ¼ DL _x1 ð2Þ
where DL is the displacement of hydraulic motor and _x1 is the
angular velocity.
Assume that external leakage of motor is negligible. Then
QLeakage can be given as
QLeakage ¼ CtPL  dL1 ð3Þ
where Ct is the coefﬁcient of the internal leakage of motor; PL
is the pressure difference between the two chambers of motor,
P1 and P2, i.e. PL ¼ P1  P2; dL1 is an unknown nonlinear
leakage function. Considering the special composite vane seals
of rectangular cross section and goalpost shape used in
hydraulic rotary actuators,31 the internal leakage is more com-
plicated than that of traditional linear hydraulic cylinders. So,
in this paper, the internal leakage model of rotary actuators is
considered as the nonlinear function related to PL and the out-
put angle x1. For example, when the hydraulic rotary actuator
is ﬁxed at the middle location to avoid its movement in Ref. 32,
the leakage ﬂow model has been identiﬁed as
QLeakage ¼ c1P2L þ c2PL þ c3 ð4Þ
where c1, c2 and c3 are leakage coefﬁcients identiﬁed by
experiments.
QElastic is given as
QElastic ¼
Vt
4be
_PL  dL2 ð5Þ
where Vt is the total control volume; be is the effective bulk
modulus; dL2 is an unknown nonlinear function, which is
mostly inﬂuenced by the load-pressure’s derivative _PL and
position x1.
For simpliﬁcation, assume that the servo valve is matched
symmetrically with ideal zero opening and zero lapping;
radial-clearance leakage of the valve’s spool can be negligible,
oil source pressure is stable and return pressure is zero. Based
on these assumptions, the load ﬂow equation given by Ref. 5
shows:QL ¼ DL _x1 þ CtPL þ
Vt
4be
_PL DLdL ð6Þ
with DLdL ¼ dL1 þ dL2.
Rewriting Eq. (6) yields that
_x1 ¼ aQL  h1PL  h2 _PL þ dL ð7Þ
where a ¼ 1=DL, h1 ¼ Ct=DL and h2 ¼ Vt=ð4beDLÞ.
The load ﬂow QL governed by the spool displacement given
by Ref. 5 shows:
QL ¼ Cdxxv
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ps  sgnðxvÞPL=q
p
ð8Þ
where Cd is the ﬂow coefﬁcient of valve; x is the area gradient
of valve; q is the oil’s density; xv is the spool displacement; and
Ps is the oil source pressure. sgn (*) denotes the discontinuous
sign function and it is deﬁned as
sgnðÞ ¼
1 If  > 0
0 If  ¼ 0
1 If  < 0
8><
>: ð9Þ
The effect of servo-valve dynamics has been included in
some literature. However, additional sensors are required to
obtain the spool position and it signiﬁcantly increases the com-
plexities in real-time controller implementation. Therefore,
many researchers neglect servo-valve dynamics.14,15,32–34 Con-
sidering that the spool dynamic of servo valve used in this
paper is much higher than that of HFMS, assume that the con-
trol applied to the servo valve is directly proportional to the
spool position, i.e. xv ¼ kxvu, where kxv is the valve gain and
u is the control input.
Although we do not have the accurate values of the
unknown parameter set h, for most applications, the extents
of the parametric uncertainties and uncertain nonlinearities
are known. Thus the following practical assumption is made.
Assumption 1. Parametric uncertainties satisfy
h 2 Xh,fh : hmin 6 h 6 hmaxg ð10Þ
where h ¼ ½h1; h2T; hmin ¼ ½h1min; h2minT and hmax ¼
½h1max; h2maxT are known lower and upper bound vectors of
h; Xh is the known bounded set of h. Uncertain nonlinearities
dL1, dL2 and dL satisfy
jdL1j 6 d1ðtÞ
jdL2j 6 d2ðtÞ
jdLj 6 dLðtÞ
8><
>: ð11Þ
Fuzzy robust nonlinear control approach for electro-hydraulic ﬂight motion simulator 297where d1ðtÞ, d2ðtÞ and dLðtÞ are known bound functions.
Given the desired angle reference x1dðtÞ, our aim is to syn-
thesize a control input u such that angle input x1 tracks x1dðtÞ
as closely as possible in spite of parameter uncertainties or
unstructured nonlinear uncertainties in HFMS.
3. Design of fuzzy nonlinear robust controller
3.1. Robust controller design
Deﬁne the angle tracking error as e1
e1 ¼ x1  x1d ð12Þ
Its time derivative of e1 is given as
_e1 ¼ _x1  _x1d ð13Þ
Substituting Eq. (7) into Eq. (13) yields that
_e1 ¼ aQL  h1PL  h2 _PL þ dL  _x1d ð14Þ
It is not easy to know the accurate parameters in the pres-
ence of uncertain nonlinearities. So deﬁne
h1 ¼ h10 þ ~h1
h2 ¼ h20 þ ~h2
(
ð15Þ
where h10 and h20 are nominal values; ~h1 and ~h2 present
unknown values of h1 and h2, respectively.
Substituting Eq. (14) into Eq. (15) yields that
_e1 ¼ aQL  h10PL  h20 _PL  ~h1PL  ~h2 _PL þ dL  _x1d ð16Þ
Deﬁne Lyapunov function
V1 ¼ 1
2
e21 ð17Þ
Its time derivative according to Eq. (16) is given as
_V1 ¼ e1ðaQL  h10PL  h20 _PL  ~h1PL  ~h2 _PL þ dL
 _x1dÞ ð18Þ
Deﬁne
u ¼ ½PL; _PLT ð19Þ
Rewrite Eq. (18) according to Eq. (19):
_V1 ¼ e1 _e1
¼ e1½aQL  ðh10PL þ h20 _PL þ _x1dÞ  ð~hTu dLÞ ð20Þ
where ~h ¼ ½~h1; ~h2 and ~hTu ¼ ~h1PL þ ~h2 _PL. ~hTu dL
represents the uncertainties, which is the sum of parameter
uncertainties ~hTu and uncertain nonlinearities dL.
If take QL as the control input in Eq. (20), tracking error e1
is mainly affected by h10 _PL þ h20PL þ _x1d and ~hTu dL.
h10 _PL þ h20PL þ _x1d, which is exactly known, could be easily
compensated. In this case, tracking error e1 just depends upon
the uncertainties ~hTu dL. So it can be concluded that param-
eter uncertainties ~hTu and uncertain nonlinearities dL will seri-
ously affect tracking error e1.
The traditional robust controllers to deal with the above
uncertainties can be classiﬁed into two categories. The ﬁrst
one, like sliding surface controller, adopts switching function
kssgn(e1), which may cause chatting phenomenon; the second
one uses strong error feedback term kse1, which sacriﬁcesasymptotic output tracking in theory. In the above two robust
controllers, the larger uncertainties is, the larger feedback gain
ks is. High tracking accuracy can only be obtained with large
feedback gain ks, which is not recommended in practice. In this
paper, adaptive MISO FLCs are introduced to deal with the
above uncertainties in HFMS.
3.2. Design of adaptive fuzzy compensators
Parametric uncertainties ~hTu and uncertain nonlinearities dL
compose all uncertainty stems from Eq. (18), which are mostly
inﬂuenced by PL, _PL and x1. Therefore, PL, _PL and x1 can be
adopted as the input variables in MISO FLC to compensate all
uncertainty stems. However, if select k fuzzy labels on each
input variable of the FLC, the fuzzy compensator needs k3
fuzzy rules, where k3 is the number of rules in the antecedent
part of the FLC. To reduce the number of fuzzy rules, all
uncertainty stems fu in this paper will be divided into two
parts:
ð~hTu dLÞ|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
fuðPL ; _PL ;x1 ;tÞ
¼ ð~h1PL  dL1=DLÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
gðPL ;x1 ;tÞ
þ ð~h2 _PL  dL2=DLÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
hð _PL ;x1 ;tÞ
ð21Þ
where gðPL; x1; tÞ is uncertainty stems from QLeakage, which is
mostly inﬂuenced by PL and x1;hð _PL; x1; tÞ is uncertainty stems
from QElastic, which is mostly inﬂuenced by _PL and x1.
So we can use two FLCs g^ and h^ to compensate for the
above uncertainties respectively. In this case, the number of
fuzzy rules decline from k3 to 2k2, which is welcome in engi-
neering practices.
Then the FLCs can be written as32
g^ðPL;x1jHgÞ¼
Pk
l1¼1
Pk
l2¼1
y
l1 l2
g l
A
l1
1
ðPLÞl
A
l2
2
ðx1Þ
 
Pk
l1¼1
Pk
l2¼1
l
A
l1
1
ðPLÞl
A
l2
2
ðx1Þ
  ¼HTg ngðPL;x1; tÞ
h^ð _PL;x1jHhÞ¼
Pk
l2¼1
Pk
l3¼1
y
l1 l2
h
l
A
l2
2
ðx1Þl
A
l3
3
ð _PLÞ
 
Pk
l2¼1
Pk
l3¼1
l
A
l2
2
ðx1Þl
A
l3
3
ð _PLÞ
  ¼HTh nhð _PL;x1; tÞ
8>>>>>>><
>>>>>>:
ð22Þ
where
Hg ¼ ½y1g; y2g; . . . ; yk
2
g 
T
; Hh ¼ ½y1h; y2h; . . . ; yk
2
h 
T
;
ng ¼ ½n1g; n2g; . . . ; nk
2
g 
T
; nh ¼ ½n1h; n2h; . . . ; nk
2
h 
T
;
with
nig ¼
l
A
l1
1
ðPLÞl
A
l2
2
ðx1ÞPk
l1¼1
Pk
l2¼1
l
A
l1
1
ðPLÞl
A
l2
2
ðx1Þ
 
nih ¼
l
A
l2
2
ðx1Þl
A
l3
3
ð _PLÞPk
l2¼1
Pk
l3¼1
l
A
l2
2
ðx1Þl
A
l3
3
ð _PLÞ
 
8>>>><
>>>>:
ði ¼ 1; 2; . . . ; k2Þ
where Al11 , A
l2
2 and A
l3
3 are fuzzy sets of PL,
_PL and x1, respec-
tively; l
A
l1
1
ðPLÞ, lAl2
2
ðx1Þ and lAl3
3
ð _PLÞ are membership func-
tions of PL, _PL and x1, respectively.
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and Hh as
Hg ¼ arg min
Hg2Xg
sup
PL2XPL ;x12Xx1
jg^ðPL; x1jHgÞ  gðPL; x1; tÞj
 !
, y1g ; y2g ; . . . ; yk
2
g
h iT
Hh ¼ arg min
Hh2Xh
ð sup
_PL2X _PL ;x12Xx1
jh^ð _PL; x1jHhÞ  hð _PL; x1; tÞjÞ
,½y1h ; y2h ; . . . ; yk
2
h 
T
8>>>>>>><
>>>>>>>:
ð23Þ
where Xg, Xh, XPL , Xx1 and X _PL are sets of Hg, Hh, PL, x1 and
_PL, respectively.
The following assumption to be used in the next section is
made.
Assumption 2. The column vectors of the optimal parameter
Hg and H

h satisfyHg 2Xg ,fHg :Xgmin 6Hg 6Xgmaxg
,yigmin 6 yi

g 6 yigmax
Hh 2Xh ,fHh :Xhmin 6Hh 6Xhmaxg
,yihmin 6 yi

h 6 yihmax
8>>>><
>>>>:
ði¼ 1; 2; . . . ;k2Þ
ð24Þ
where Xgmin ¼ ½y1gmin; y2gmin; . . . ; yk
2
gmin
T
, Xgmax ¼ ½y1gmax;
y2gmax; . . . ; y
k2
gmaxT, Xhmin ¼ ½y1hmin; y2hmin; . . . ; yk
2
hmin
T
and
Xhmax ¼ ½y1hmax; y2hmax; . . . ; yk
2
hmax
T
are known.
3.3. Discontinuous projection mapping
Different from other adaptive fuzzy compensators,24–29 the
adaptive law with projection type is employed to avoid the
unstable FLCs estimation:
_Hj ¼ ProjHjðcjsjÞ; Hjð0Þ 2 Xj ðj ¼ g; hÞ
sg ¼ e1ngðPL; x1Þ
sh ¼ e1nhð _PL; x1Þ
8><
>: ð25Þ
where cj is positive adaptation gain and sj is adaptation func-
tion of Hj. The discontinuous projection mapping ProjHjðjÞ is
deﬁned by Ref. 13
ProjHjðiÞ ¼
0 If yij ¼ yijmax and i > 0
0 If yij ¼ yijmin and i < 0
i Otherwise
8><
>: ð26Þ
In Eq. (26), *i represents the ith component of the vector *
and yij is the ith component of the vector Hj. For any adaption
function sj, the projection mapping used in Eq. (26) guarantees
ðP1ÞHj 2 Xj,fHj : Xjmin 6 Hj 6 Xjmaxg
,yijmin 6 yij 6 yijmax
ðP2Þ ~HTj ðc1j ProjHjðcsjÞ  sjÞ 6 0; 8sj
8><
>: ð27Þ
where ~Hj ¼ Hj Hj is the estimation error.3.4. Fuzzy nonlinear robust control law
With the optimal parameter vectors of the FLCs in Eq. (23),
the minimum approximation errors can be deﬁned as
wg ¼ gðPL; x1; tÞ  g^ðPL; x1jHgÞ
wh ¼ hð _PL; x1; tÞ  h^ð _PL; x1jHhÞ
(
ð28Þ
with
kwgk 6Wg; kwhk 6Wh
where Wg and Wh are positive parameters.
From Eqs. (23) and (28), we can get
gðPL; x1; tÞ  g^ðPL; x1jHgÞ
¼ HTg ngðPL; x1Þ þ wg HTg ngðPL; x1Þ
¼ ~HTg ngðPL; x1Þ þ wg
hð _PL; x1; tÞ  h^ð _PL; x1jHhÞ
¼ HTh nhð _PL; x1Þ þ wh HTh nhð _PL; x1Þ
¼ ~HTh nhð _PL; x1Þ þ wh
8>>>>><
>>>>>:
ð29Þ
Substituting Eqs. (21) and (29) into Eq. (20) yields that
_V1 ¼ e1ðaQL  h10PL  h20 _PL  _x1d  gðPL; x1; tÞ
 hð _PL; x1; tÞÞ
¼ e1ðaQL  h10PL  h20 _PL  _x1d  g^ðPL; x1jHgÞ
 ~HTg ngðPL; x1Þ  wg  h^ð _PL; x1jHhÞ
 ~HTh nhð _PL; x1Þ  whÞ ð30Þ
If QL is treated as the control input, a desired ﬂow can be
synthesized to ensure that _V1 is semi-negative deﬁnite, equiva-
lently, to make the tracking error dynamic is stable. The
desired ﬂow consists of two parts:
QL ¼ QLa þQLr ð31Þ
where
QLa ¼ 1a ð _x1d þ h10 _PL þ h20PL þ g^ðPL; x1jHgÞ þ h^ð _PL; x1jHhÞÞ
QLr ¼ QLr1 þQLr2
(
with
QLr1 ¼  1a k1e1
QLr2 ¼  1a ksðPL; _PL; x1Þe1
(
where k1 is a positive gain. Rewrite Eq. (30) according to
Eq. (31):
_V1 ¼ e1½ðaQLa  _x1d  h10PL  h20 _PL  g^ðPL; x1jHgÞ
 h^ð _PL; x1jHhÞÞ þ aQLr1 þ ðaQLr2  ~HTg ngðPL; x1Þ
 ~HTh nhð _PL; x1Þ  wg  whÞ ð32Þ
For the robust design, we make the robust term QLr2 be any
function satisfying the following conditions:
e1ðaQLr2  ~HTg ngðPL; x1Þ  ~HTh nhð _PL; x1Þ  wg  whÞ 6 e ð33Þ
ae1QLr2 6 0 ð34Þ
where e is a positive design parameter which can be arbitrarily
small and represents the given robust accuracy.
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satisfying Eqs. (33) and (34). Here an example is given as
follows:
Let h1 be any smooth function satisfying
h1 P kHgMk2kngðPL; x1Þk2 þ kHhMk2knhð _PL; x1Þk2 þWg þWh
ð35Þ
where HgM ¼ Xgmax Xgmin,HhM ¼ Xhmax Xhmin; k  k
denotes the 2-norm of a matrix or a vector. Then QLr2 can
be chosen as
QLr2 ¼ 
1
a
ksð _PL;PL; x1Þe1, 1a
h1
4h1mine
e1 ð36Þ
3.5. Performance and stability analysis
Theorem 1. With the projection type adaptation law Eq. (36),
the proposed control law Eq. (31) guarantees that:A. The tracking error can be always bounded by
je1j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 expðktÞV1ð0Þ þ 2ek ð1 exp ðktÞÞ
r
ð37Þwhere k= 2k1 is the exponentially converging rate.
B. If use a sufﬁcient number of fuzzy rules, the minimum
approximation errors wg and wh can approach zero
based on the universal approximation theorem.17 In this
case, in addition to results in A, asymptotic input track-
ing is also achieved, i.e. e1ﬁ 0 as tﬁ1.Proof. Noting Eqs. (31)–(33), the time derivative of V1
satisﬁes:
_V1 6 e1aQLr1 þ e 6 k1e21 þ e ¼ 2k1V1 þ e ð38Þ
Therefore, we can obtain
V1ðtÞ 6 exp ðktÞV1ð0Þ þ ek ð1 exp ðktÞÞ ð39Þ
From Eq. (39) and noting the deﬁnition of V1 in Eq. (17), the
tracking error can be always bounded by
je1j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 expðktÞV1ð0Þ þ 2ek ð1 exp ðktÞÞ
r
ð40Þ
Then the tracking error e1 is bounded. Now consider the
situation in B of Theorem 1. Choose a Lyapunov function
candidate be
Vs ¼ V1 þ 1
2c1
~HTg
~Hg þ 1
2c2
~HTh
~Hh ð41Þ
where c1 > 0, c2 > 0, ~Hg ¼ Hg Hg and ~Hh ¼ Hh Hh.
Differentiating Vs with respect to time yields
_Vs ¼ _V1 þ 1c1
~HTg
_Hg þ 1c2
~HTh
_Hh ¼ e1ðaQLr  ~HTg ngðPL; x1Þ
 ~HTh nhð _PL; x1ÞÞ þ
1
c1
~HTg
_Hg þ 1c2
~HTh
_Hh ¼ ae1QLr
þ ~HTg
1
c1
_Hg  e1ngðPL; x1Þ
 
þ ~HTh
1
c2
_Hh  e1nhð _PL; x1Þ
 
ð42Þ
Noting the projection type adaptation law and the property
of Eq. (34), then_Vs ¼ ae1QLr þ ~HTg
1
c1
ProjHgðc1sgÞ  e1ngðPL; x1Þ
 
þ ~HTh
1
c2
ProjHhðc2shÞ  e1nhð _PL; x1Þ
 
6 ke21,W ð43Þ
That is to say, Vs 6 Vs(0). Therefore, W 2 L2 and Vs 2 L1.
Since e1 are bounded, it is easy to check that _W is bounded and
thus uniformly continuous. By Barbalat’s lemma, Wﬁ 0 as
tﬁ1, which lead to B of Theorem 1. h
So the next step is to get the real control input u from the
desired ﬂow QL. With Eq. (8), the main difﬁcult is how to
determine the accurate values of Cd and x. Fortunately, it is
easy to know the rated ﬂow at certain valve pressure drop
DPdrop in general. For example, all the servo valves of Moog
company will give the rated ﬂow Qrated through the valve at
certain pressure drop DPdrop ¼ 7 MPa.
Qrated ¼ Cdxumax
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DPdrop=q
q
ð44Þ
where umax is the saturated input of servo valve and Qrated the
rated ﬂow when the pressure drop is DPdrop.
Combining Eqs. (8) and (44), the real control input can be
synthesized as
u ¼ QL
Qrated
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DPdrop
Ps  sgnðuÞPL
s
 umax ¼ QL
Rðu;PLÞ ð45Þ
where the ﬂow gain
Rðu;PLÞ ¼ Qrated
umax
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ps  sgnðuÞPL
DPdrop
s

4. Experiment veriﬁcation
4.1. Experimental setup conﬁguration
Comparative experiments are performed on the test platform,
shown in Fig. 2. It consists of ﬁve parts: hydraulic power sup-
ply, Moog servo-valve, hydraulic motor, angle encoder and
control cabinet. The key experimental parameters are listed
in Table 1. The entire system is controlled by real-time control
program based on RTX real-time operating system and Lab-
windows/CVI, and the control period time is 1 ms.
4.2. Comparative experiments
Deﬁne ﬁve fuzzy sets with labels, namely, negative big (NB),
negative small (NS), zero (ZO), positive small (PS) and positive
big (PB). The Gaussian membership functions are deﬁned as
lAkðxÞ¼ exp  xþ
ðk2Þxmax
2
 
xmax
4
 2( )
ðk¼ 0;1;2;3;4Þ
ð46Þ
where Ak refers to NB, NS, ZO, PS and PB when k = 0, 1, 2,
3, 4; x and xmax represent input variable and the upper bound
of input variable. Load pressure PL and its derivative _PL
required in the control law are ﬁltered by fourth-order butter-
worth ﬁlters with 200 Hz and 100 Hz cut-off frequencies,
respectively. In order to eliminate the chattering caused by
the sign function in Eq. (45), the sign function is replaced by
a smooth hyperbolic function during the experiment.
Fig. 3 Angle tracking pe
Table 1 Key experimental parameters of test system.
Component Speciﬁcation Mark
Hydraulic motor DL: 7 cm
3/rad, Range: ±35 Self-development
Payload: 0.05 kg m2
Servo valve G761–3002 MOOG
Digital encoder ECN413 HEIDENHAIN
Industrial computer IEI WS-855GS ADVANTECH
A/D card PCI-1716/16 ADVANTECH
D/A card PCI-1723/8, 16 bit DAC ADVANTECH
Encode card IK220 HEIDENHAIN
Pump GHP1A-D-7 MARZOCCHI
AC motor M2QA, 3 kW, 280 V ABB
Relief valve DBEE6–1X/200G24K31 M REXROTH
Fig. 2 Test platform.
300 S. Han et al.The parameters of nonlinear fuzzy robust controller
(NFRC) based on Eq. (38) are k1 + ks = 50, h10 =
4.77 · 108, h20 = 1.372 · 109, cg ¼ 3000, ch ¼ 3000, Ps =
8 · 106, a= 1.43 · 105. The upper bounds of PL, x1 and _PL
are 3 · 106 Pa, 20 and 3.5 · 108 Pa/s, respectively. The desired
trajectories are given as x1d = 5(1  exp (t))(1  cos
(12.56t)).
The experimental results of the proposed NFRC controller
are shown in Fig. 3. As illustrated in Fig. 3, tracking errors
converge from 0.37 to 0.07.
In order to analyze the effect of fuzzy compensators, the
compensating control
g^ðPL ;x1 jHgÞ
aRðu;PLÞ and
h^ð _PL ;x1 jHhÞ
aRðu;PLÞ , corresponding
to g^ and h^, are illustrated in Fig. 4. It is obvious that the fuzzy
estimation of model uncertainties can achieve stable state.
Three algorithms will be compared to verify the effective-
ness of the proposed control scheme.rformance of NFRC.
Fig. 4 Controller input of fuzzy compensators.
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proposed control law Eq. (31) and the projection type
adaptation law Eq. (28).
(2) Nonlinear robust controller (NRC). The control law is
given by
QL ¼ QLa þQLr1 þQLr2
QLa ¼ 1a ð _x1d þ h10 _PL þ h20PLÞ
QLr1 ¼ k1e1=a
QLr2 ¼  1a ksðPL; _PL; x1Þe1
8>><
>>: ð47Þ
Make the robust term QLr2 be any function satisfying the
following conditions:
Condition 1.
e1ðaQLr2  ~hTuþ dLÞ 6 e ð48Þ
Condition 2.
ae1QLr2 6 0 ð49Þ
(1) Traditional robust controller (RC&V) based on angle-
errors with velocity _x1d feed-forward compensation.
The control law is given by
QL ¼ QLa þQLr1 þQLr2
QLa ¼ 1a  _x1d
QLr1 ¼ k1e1=a
QLr2 ¼  1a ksðPL; _PL; x1Þe1
8>>><
>>:
ð50Þ
Make the robust term QLr2 be any function satisfying the
following conditions:Condition 1.
e1ðaQLr2  hTuþ dLÞ 6 e ð51Þ
Condition 2.
ae1QLr2 6 0 ð52Þ
In the above three controllers, we can choose the needed
robust control gains ksðPL; _PL; x1Þ in the following two ways.
The ﬁrst method is to calculate ksðPL; _PL; x1Þ rigorously
online to satisfy the conditions Eqs. (33) and (34), Eqs. (48)
and (49) and Eqs. (51) and (52) respectively. However, it
increases the complexity of the control law considerably since
it may need signiﬁcant amount of investigating work and
computation time, sometimes even be impossible. Alterna-
tively, a pragmatic approach is to simply choose
ksðPL; _PL; x1Þ large enough without worrying about the spe-
ciﬁc prerequisites. In this way, the conditions Eqs. (33) and
(34), Eqs. (48) and (49) and Eqs. (51) and (52) will be satis-
ﬁed for a certain set of values of ksðPL; _PL; x1Þ at least locally
around the desired trajectory to be tracked.3,32,34 In this
paper, the second approach is used since it facilitates the
online tuning process of gains in implementation. In order
to ensure a fair comparison, the above three controllers have
the same robust control gains.
Then angle trajectory and stable tracking errors under the
above three control laws are shown in Fig. 5. The results
show that the maximum tracking errors are 0.07, 0.46
and 0.71, respectively. It shows that compared with the
RC&V, the performances based on the NRC controller and
the proposed NFRC controller are improved by 35.2% and
90.1%, respectively. The tracking errors of NFRC and
NRC are smaller than that of RC&V due to the model-based
compensation of PL and _PL. NFRC is much more effective
Fig. 5 Angle trajectory and comparative tracking errors.
302 S. Han et al.than NRC due to fuzzy compensators of parameter uncer-
tainty and nonlinear uncertainty for QLeakage and QElastic. It
is obvious that the proposed NFRC can effectively overcome
structured and unstructured uncertainties to obtain the best
tracking accuracy.
To further analyze the effect of fuzzy compensator about
QLeakage, the controller input
g^ðPL ;x1 jHgÞ
aRðu;PLÞ corresponding to g^ and
load pressure PL are shown in Fig. 6. It can be found thatthe stable estimation of leakage ﬂow g^ has the similar change
rule to PL.
To further analyze the effect of fuzzy compensator about
QElastic, the controller inputs
h^ð _PL ;x1 jHhÞ
aRðu;PLÞ corresponding to h^ and
_PL are shown in Fig. 7. It can be found that the stable estima-
tion of leakage ﬂow h^ has the similar change rule to _PL. The
total control input of NFRC is shown in Fig. 8. The control
input is also very smooth.
Fig. 6 Comparison of g^ and PL.
Fig. 7 Comparison of h^ and PL.
Fig. 8 Total control input of NFRC.
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304 S. Han et al.5. Conclusions
In this paper, a practical nonlinear fuzzy robust cont-roller is
developed for hydraulic rotary actuators inHFMS.Comparative
experiment results show that adaptive fuzzy compensators can
effectively deal with parametric uncertainty and unstructured
uncertainties from QLeakage and QElastic in hydraulic rotary actua-
tors. Meanwhile, the proposed controller can achieve a guaran-
teed transient performance and better ﬁnal tracking accuracy.
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